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The direct quadrature method of moments is presented as an efficient and accurate means of numerically

computing solutions of the Fokker–Planck equation. The theoretical details of the solution procedure are first

presented. The method is then used to solve the Fokker–Planck equations for both one- and two-dimensional

processes that possess nonlinear stochastic differential equations. Higher-order moments of the stationary solu-

tions are computed and prove to be very accurate when compared with analytic (one-dimensional process) and

Monte Carlo (two-dimensional process) solutions. Trends in the standard deviation and coefficient of kurtosis with

respect to the additive noise level and bifurcation parameter are reported for what appears to be the first time for the

saddle-node/subcritical Hopf bifucation problem. The deterministic form of this problem exhibits hysteresis, which

is often a phenomenon present in more-complex nonlinear aeroelastic systems. Finally, statistical results are shown

for a typical section airfoil with nonlinear stiffness subjected to random aerodynamic loading. The constants for the

nonlinear stiffness are chosen such that the deterministic behavior exhibits both a saddle-node and subcritcal

bifurcation. Standard deviation results computed using the direct quadrature method of moments for a reduced

frequency below the deterministic saddle-node bifurcation point compare well with Monte Carlo results.

Nomenclature
�h = normalized plunge degree of freedom, h=b
b = reference airfoil length
e = distance from aerodynamic center to elastic axis
Kh = constant for linear plunge stiffness term
Knlh = constant for cubic plunge stiffness term
K� = constant for linear pitch stiffness term
Knl1� = constant for cubic pitch stiffness term
Knl2� = constant for quintic pitch stiffness term
k = reduced frequency, !�b

U
m = airfoil mass per unit length
r� = radius of gyration
S� = mass unbalance
U = freestream flow velocity
x� = S�=mb
y = �h0

z = �0

� = pitch degree of freedom
�h = plunge mode damping ratio
�� = pitch mode damping ratio
� = nondimensional time, t!�
!h = plunge uncoupled natural frequency
!� = pitch uncoupled natural frequency
0 = d

d�

I. Introduction

C HARACTERIZATIONof the response of stochastic systems is
of interest for engineers in many different disciplines. This is

particularly true in the field of structural dynamics, in which loads
and various system parameters can often be thought of as random
processes. For example, in the field of aeroelasticity, Ibrahim et al.
considered the pressure fluctuations due to a turbulent boundary
layer as random forces when analyzing panel flutter [1–3]. Vaicaitis
et al. [4] and Olson [5] also considered this problem and used
Monte Carlo simulations. Recently, much work has been done in
the area of parametric uncertainty quantification for aeroelastic
problems. For a nice overview of some of this work and the remain-
ing challenges, see the work of Pettit [6].

The response of a structural dynamic system to random excitation
with delta correlation can be considered a Markovian process.
Furthermore, even if a process is non-Markovian, by introducing
additional random variables, one can get a Markovian process [7].
The transition probability density for a Markovian process is gov-
erned by an appropriate Fokker–Planck (FP) equation. Exact
solutions of the FP equation are known for only a few systems. In
most cases, approximate solutions need to be found using either
analytic or numerical methods. Risken [7] presented many such
analytical methods. Examples of approximate analytical solutions
are the van Kampen expansion method [8,9], the method of matrix
continued fractions [10], and path integral solutions [11]. In
terms of numerical methods, finite difference and finite element
methods appear to be the most popular [12–15]. Although these
methods can give accurate solutions, the computational expense can
be prohibitive for Fokker–Planck equations with dimensions larger
than 2.

In this paper, we present an efficient and accurate method for the
solution of the Fokker–Planck equations for stochastic processes.
This method is based upon the direct quadrature method of moments
(DQMOM), first introduced by Fox et al. [16–18] for the numerical
solution of the population balance equations for multiphase flow
predictions. Recently, this method has also been used to compute
numerical solutions for the Boltzmann equation by Vedula and Fox
[19] and for one- and two-dimensional Fokker–Planck equations
arising in nonlinear dynamics [20]. Here we will show additional
results for a two-dimensional Fokker–Planck equation that cor-
responds to a deterministic system that has both a saddle-node
bifurcation and a subcritical Hopf bifurcation. Knowledge of the
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statistical moment behavior of such a system is important due to its
similarity to more complex nonlinear aeroelastic systems. Finally,
results will be presented for such an aeroelastic system: a typical
section airfoil with 2 degrees of freedom (pitch and plunge). A
nonlinear structural model in the form of nonlinear springs in the
pitch and plunge degrees of freedom is presented for this model. This
dynamical system results in a four-dimensional Fokker–Planck
equation.

II. Theory

An abbreviated discussion of the Fokker–Planck equation is given
here. For a more detailed discussion of this equation, please see
[7,21].

Given the set of stochastic differential equations in N variables
x� fx1; x2; . . . ; xNg,

_x i � hi�x; t� � gij�x; t��j�t� (1)

where the �j�t� are Gaussian random variables with the following
correlations:

h�i�t�i � 0 h�i�t��j�t0�i � 2�ij��t� t0� (2)

where �ij is the Kronecker delta, and ��t� t0� is the delta function; a
Fokker–Planck equation for the transition probability P�x; tjx0; t0�
can be written in the following form:

@P�x; tjx0; t0�
@t
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h
D�1�i �x; t�P�x; tjx0; t0�

i

� @2
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D�2�ij �x; t�P�x; tjx0; t0�

i
(3)

It can also be shown that the probability density function, f�x; t�,
also satisfies the Fokker–Planck equation:
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In Eqs. (3) and (4), the drift (D�1�i �x; t�) and diffusion (D�2�ij �x; t�)
coefficients are defined as [using the notation of Eq. (1)]:

D�1�i �x; t� � hi�x; t� (5)

D�2�ij �x; t� � gik�x; t�gjk�x; t� (6)

and are derived using the Itô calculus [7]. Note in Eqs. (3) and (4) that
summation notation is assumed.

To simplify the derivations, Eq. (4) will be specialized to the
problem ofN � 2 and all cross diffusion terms will be assumed to be

zero (D�2�12 �D
�2�
21 � 0). Also, D�2�11 will be assumed to be zero. In

practice, generalizing the method (to be discussed in this paper) to
higher dimensions with all terms included does not complicate the
computational procedure. With the aforementioned simplifications,
we get the following for the Fokker–Planck equations:
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(7)

where now x� fx; ygT .
In the direct quadrature method of moments approach, the

probability density is written as a weighted summation of the
products of the Dirac delta functions:

f�x; t� �
XM
i�1

wi�t���x � xi�t����y � yi�t�� (8)

where M is the number of delta functions (compute nodes), and
wi�t�, xi�t�, and yi�t� are the dependent variables for compute node i.

In the rest of the paper, wi will be called weights and xi and yi the
abscissas. Also, the explicit expression of the dependent variables as
functions of time will be dropped to condense the notation. If the

delta functions ��x � xi� and ��y � yi� are written as ��x�i and ��y�i ,
respectively, substitution of Eq. (8) into Eq. (7) results in the
following:
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Defining new variables, which we will call the weighted abscissas,

��x�i � wixi and �
�y�
i � wiyi, Eq. (9) becomes
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At this point, we have one equation in 3M unknowns. To close this
equation, we will take 3M moments of it. Recalling that the
generalized moment hxrysi for nonnegative integers r and s is given
by the following expression:

hxrysi �
Z 1
�1
xrysf�x; y; t� dx dy (11)

the evolution of hxrysi can be obtained by taking the moment of
Eq. (10) (after interchanging the order of summation and integration
and combining the sums on the left- and right-hand sides):

XM
i�1

"Z 1
�1

Z 1
�1
xrys

�
@wi
@t
��x�i �

�y�
i �

@��x�i
@t

@��x�i
@x

��y�i

� xi
@wi
@t

@��x�i
@x

��y�i �
@��y�i
@t

@��y�i
@y

��x�i � yi
@wi
@t

@��y�i
@y

��x�i

�
dxdy

#

�
XM
i�1

"Z 1
�1

Z 1
�1
xrys

�
� @
@x

�
D�1�1 wi�

�x�
i �
�y�
i

�

� @

@y

�
D�1�2 wi�

�x�
i �
�y�
i

�
� @2

@y2

�
D�2�22 wi�

�x�
i �
�y�
i

��
dxdy

#
(12)

In simplifying Eq. (12), the following properties of the Dirac delta
function are used:

Z
xr��x � xi� dx� xri (13)

Z
xr

d��x � xi�
dx

dx��rxr�1i (14)

Therefore, by using Eqs. (13) and (14) and integrating by parts the
right-hand side of Eq. (12), we get the following equation:
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where jxi;yi denotes the evaluation of the drift and diffusion terms at
x� xi and y� yi. Using the property that the probability density
and its derivatives vanish at positive and negative infinity and the
assumption of boundedness (and continuity) of moments, the
boundary terms in Eq. (15) vanish, leaving the following equation
after simplification:

XM
i�1

�
�1 � �r� s��xri ysi

dwi
dt
� rxr�1i ysi

d��1�i
dt
� sxri ys�1i

d��2�i
dt

�

�
XM
i�1
�rxr�1i ysiD

�1�
1 jxi;yiwi � sxri ys�1i D�1�2 jxi;yiwi

� s�s� 1�xri ys�2i D�2�22 jxi;yiwi� (16)

This is now a nonlinear differential equation for each of the weights
and weighted abscissas. There are 3M such equations, which in
matrix form can be written as follows:

Az � F�w;x; y� (17)

where the matrix A is a nonlinear function of the abscissas and

z� fdw
dt
; d�

�1�

dt
; d�

�2�

dt
gT . Also,w, x, y, and� are the vectors of weights,

abscissas, andweighted abscissas, respectively. Equation (17) is a set
of implicit nonlinear ordinary differential equations. To solve these
equations, the DDASPK software package [22–24] is used. An
example of this system of equations is given in the Appendix for the
nonlinear one-dimensional system presented in Sec. III.A.

It may be noted that the selection of constraints on low-order
moments should also ensure that the condition number of matrix A
in Eq. (17) is relatively small (compared with the multiplicative
inverse of machine precision). Although these criteria may not lead
to a unique selection of moments, we based our moment constraint
selection procedure on including all low-order moments (up to a
certain order) followed by the successive elimination of constraints
that would result in an ill-conditioned system. In this paper, we also
ensure that the final moment constraint selection gives results that
have satisfactory agreement with those obtained from comple-
mentary methods (e.g., analytical and/orMonte Carlo methods). The
particular choice of moment constraints can be problem dependent
due to the quadrature-based closure approximation used to model
the unclosed moments. Although we expect convergence (not
necessarily uniform) with an increase in the number of moment
constraints and quadrature points, the convergence rates are also
problem dependent for general nonlinear systems.

III. Example Problems

Four example problems will be given in this paper to demonstrate
the effectiveness of the DQMOM method in solving the Fokker–
Planck equation. The problems will be presented in order of
increasing difficulty.

A. One-Dimensional Nonlinear Process

The first problem is the nonlinear process with a stochastic
ordinary differential equation given by

dX� �X � X3�dt� �dW (18)

which has the Fokker–Planck equation given by
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@t
�� @
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h
�x � x3�f

i
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2

2

@2f

@x2
(19)

The deterministic counterpart to this equation (dx=dt� x � x3) has
two asymptotically stable equilibrium points, x��1, separated by
an unstable equilibrium point at x� 0. An analytical solution to
Eq. (19) is not known but the stationary solution is given by

P�x� � ce�x2�0:5x4�=�2 (20)

where c is a normalization constant and is computed such that the
integral of Eq. (20) is equal to 1. Figures 1–3 show the second, fourth,
and sixth moments as computed by the DQMOM numerical method
as a function of the noise level �. Also shown in these figures are the
analytical results computed via Eq. (20). With only eight quadrature
nodes, the DQMOM and analytical solutions agree quite well for
each of themoments. Also note that all oddmoments are zero for this
problem and the DQMOMmethod computes these correctly as well.
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Fig. 1 One-dimensional FP equation; second moment of x vs the noise
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B. Two-Dimensional Van Der Pol Oscillator

The second problem that is investigated is the van der Pol
oscillator subjected to stationary Gaussian white noise. If the vector
process Z�t� � fx�t�; y�t�gT is introduced, where y�t� � _x�t�, the
Itô-type stochastic differential equation can be written as follows:

dZ�t� � f�Z�t��dt�QdW�t� (21)

Here, we have

f �Z�t�� �
�

y�t�
���x�t�2 � 1�y�t� � x�t�

�
(22)

Q �
�

0�������
2D
p

�
(23)

The corresponding Fokker–Planck equation for this problem can be
written as follows:

@f

@t
� ��x2 � 1�f � y @f

@x
�
h
��x2 � 1�y� x

i @f
@y
�D@

2f

@y2
(24)

which is solved numerically using the direct quadrature method of
moments. The second and fourth moments of x as computed by a
direct quadraturemethod ofmoments solution of Eq. (24) is shown in
Figs. 4 and 5 for �� 0:1 and 1.0. Also shown in these figures is a
numerical solution of the stochastic differential equation, Eq. (21),
using a forward Euler–Maruyama time integration scheme. Because
of its simplicity, we restricted our attention to the commonly used
Euler–Maruyama scheme for integration of stochastic differential
equations. It is plausible that high-order integration schemes for

stochastic differential equations could lead to more accurate
solutions with greater computational efficiency. The statistics from
this solution were computed using a Monte Carlo solution with
5 	 105 particles and a time step of 0.0005 s. These figures also
include moments computed using the stationary solutions from the
analytic statistical nonlinearization procedure presented in [25]. In
these figures, one can see that the second- and fourth-order moments
computed using an eight-node direct quadrature method of moments
solution compare favorably with the direct solution of the stochastic
differential equation. Agreement with the statistical nonlinearization
result is better for smaller values of the noise levelD and the damping
parameter�, which is consistent with the approximations made with
the analytic method. Note, to compute the direct quadrature method
of moments solution, all moments up to the fifth order and
�r; s� � �6; 0�, (5, 1), (4, 2) were taken [see Eq. (12)]. The direct
quadrature method of moments solution is substantially faster than
the direct solution of the stochastic differential equation. On an
Intel T2500 2 GHz processor, 10 s of simulation time took 4 s of
computational time using the direct quadrature method of moments
solution and 1500 s of computational time using the Monte Carlo
solution of the stochastic differential.

C. Two-Dimensional Nonlinear Process with Saddle-Node and

Subcritical Bifurcation

The third problem that we will study is a stochastic version of the
following nonlinear dynamical system in cylindrical coordinates
[26]:

_r� �r� r3 � r5 _�� !� br2 (25)

Here, ! controls the frequency of infinitesimal oscillations and b
determines the nonlinear dependency of the frequency on the
oscillation amplitude. For �1=4<�< 0, there are two attractors.
One is a stable large-amplitude limit cycle oscillation (LCO) and
the other is a stable attractor at the origin. At ���1=4 the large
amplitude LCO is destroyed via a saddle-node bifurcation and the
only stable attractor is the origin. At �� 0, the system undergoes a
subcritical Hopf bifurcation and the only attractor left is the large-
amplitude limit cycle. This system exhibits a hysteretic behavior that
is common in nonlinear aeroelastic systems [27] and presents a
dangerous scenario that is often referred to as explosive flutter or
“badLCO.”Traditional aeroelasticflutter tools are not able to predict
the saddle-node bifurcation point, which results in an inability to
predict where the actual dangerous region of the bifurcation
parameter � (Mach number, flow velocity, etc.) starts.

Equation (25) in Cartesian coordinates �x; y� is given by

_x� �x� �1 � �x2 � y2���x2 � y2�x � !y � b�x2 � y2�y
_y� �y� �1 � �x2 � y2���x2 � y2�y� !x� b�x2 � y2�x

(26)
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Fig. 3 One-dimensional FP equation; sixth moment of x vs the noise
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We will consider that the bifurcation parameter � consists of a
mean part �0 and a zero mean, Gaussian wideband random part
�r���, that is,

�� �0 � �r��� (27)

The Cartesian velocities _x and _y will also be subjected to
uncorrelated, additive white noise terms Dx��� and Dy���. These
additive noise terms will be considered uncorrelated with �r���.
Equations (26) can now be written as follows:

_x� �0x� �r���x� �1 � �x2 � y2���x2 � y2�x
� !y � b�x2 � y2�y�Dx���

_y� �0y� �r���y� �1 � �x2 � y2���x2 � y2�y
� !x� b�x2 � y2�x�Dy��� (28)

The correlation functions for �r���, Dx���, and Dy��� are given as
follows:

C�� � h�r���; �r�� � d��i � 2Dm����� (29)

Cxx � hDx���; Dx�� � d��i � 2D����� (30)

Cyy � hDy���; Dy�� � d��i � 2D����� (31)

where Dm and D are the spectral densities of the white noise
processes �r��� and Dx��� (and Dy���). Expressing the white noise
processes as formal derivatives of the Brownian motion processes
Wm,Wx, andWy, the Itô-type stochastic differential equations, with
the Wong–Zakai correction [28], corresponding to Eqs. (28) are
given by

dx� ��0x� �1 � �x2 � y2���x2 � y2�x � !y � b�x2 � y2�y

�Dmx�d� �
�������
2D
p

dWx��� �
����������
2Dm

p
xdWm��� (32)

dy� ��0y� �1 � �x2 � y2���x2 � y2�x� !x� b�x2 � y2�x

�Dmy�d� �
�������
2D
p

dWy��� �
����������
2Dm

p
ydWm��� (33)

Finally, the Fokker–Planck equation that is to be numerically
solved by the DQMOM method for this example is given by the
following (including the Wong–Zakai correction):
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Next, the stationary values of standard deviation and coefficient of
kurtosis are presented for a DQMOM solution with 11 quadrature
points and for a numerical solution of Eqs. (32) and (33) using a
forward Euler–Maruyama time integration with a time step of
0.0002. The statistics reported for the numerical solution of Eqs. (32)
and (33) are computed using a direct Monte Carlo simulation with
10,000 realizations. For theDQMOMsolution, all moments up to the
sixth order are closed along with the moments [�r; s�]: (5,2), (2,6),
(2,5), (1,6), and (0,7). The values for ! and b are chosen as 1 and
0.01, respectively.

Figures 6–11 show the standard deviation and coefficient of
kurtosis as a function of the additive noise levelD. Statistics for three
different values of the mean of the bifurcation parameter �0 are

shown: �0 ��0:275 (Figs. 6 and 7), which, for the deterministic
system, is below the saddle-node value for�0;�0 ��0:100 (Figs. 8
and 9), which is in the region where two attractors exist; and
�0 � 0:100 (Figs. 10 and 11), for which the only attractor is the
large-amplitude LCO. In these figures, the level of multiplicative
noise Dm (random coefficient component) is zero. Also shown in
Figs. 8–11 are the corresponding values for the deterministic system,
which exhibits a limit cycle at���0:100 and 0.100. First note that,
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in general, there is very good agreement between the DQMOM
results and those from the numerical integration. As could be
expected, the standard deviation results show better agreement. Two
possible reasons for the differences in the kurtosis results are as
follows:

1) If the evolution equations for the moments are written out, one
will see that the equation that governs the evolution of the fourth

moment ( d
dt
hx4i) will contain an eighth-order moment, hx8i, that is

not closed in the currentDQMOMsolutionwith 11 quadrature points
and closed moments as stated earlier.

2) A rigorous convergence study of the statistics computed with
theMonteCarlo simulation has not been conductedwith regard to the
number of realizations and the time step.

Therefore, it is possible that the higher-order moments are not
completely converged for theMonteCarlo results. Overall, however,
the agreement is good and the qualitative trends match for both
methods. For example, the kurtosis is sub-Gaussian (negative) for
each value of �0. Whereas for �0 ��0:275, the coefficient
decreases with increasing additive noise level and appears to be
approaching an asymptotic value, for�0 ��0:100 and�0 � 0:100,
the coefficient of kurtosis increases with increasing additive noise
level. For both values of �0, which correspond to cases in which a
stable LCO exists,�0 ��0:100 and 0.100, at low levels of noise the
standard deviation versus the noise level curve is flat. This would
seem to indicate that, for this level of additive noise, the system is
mainly responding to the LCO with little influence from the noise.
This is not the case for �0 ��0:275, for which no LCO exists and
the system is responding completely to the additive noise. Finally, it
appears that for�0 � 0:100, there is a local minimum in the standard
deviation near D� 0:15, which is predicted by both the DQMOM
and numerical integration methods. The DQMOM also predicts a
local minimum of the coefficient of kurtosis near D� 0:06. This,
however, is not predicted by the numerical integration.

Shown in Figs. 12–17 are the standard deviation and coefficient of

kurtosis as a function of the ratio 2Dm
�0

for three different values of�0:

�0:300,�0:100, and 0.100. The value ofD for these figures is 0.10.
Once again, the agreement between the DQMOM results and the
numerical integration results are good. Overall, it appears that the
standard deviation decreases with 2Dm=�0 but is not a strong
function of this parameter, at least for the additive noise level
used in these figures (D� 0:100). Also, the coefficient of kurtosis
results are sub-Gaussian and decrease in magnitude as the ratio
2Dm=�0 increases. In particular, for �0 ��0:300, which is below
the saddle-node value for�0, the kurtosis seems to be approaching a
switch from sub- to super-Gaussian behavior at or around
2Dm=�0 � 1:5.

D. Four-Dimensional Aeroelastic Typical Section Airfoil

The final example used to show the effectiveness of the DQMOM
solution method is a dynamical system representing a typical section
airfoil with pitch and plunge degrees of freedom in quasi-static
subsonic flow [29]. The pitch and plunge stiffnesses are considered
to be nonlinear with a cubic spring for the plunge degree of freedom
and a cubic and quintic spring for the pitch degree of freedom. If the
constant for the cubic term in the pitch degree of freedom is negative
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tion of x vs additive noise level D for �0 � 0:100, Dm � 0:0.
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and the quintic is considered positive, the deterministic system
exhibits a subcritical Hopf bifurcation along with a saddle-node
bifurcation, which results in hysteretic behavior. The dynamic sys-
tem can be written as follows (after nondimensionalization):

�h00 � x��00 � 2�h
!h
!�

�h0 �
�
!h
!�

	
2
�
�h� b2 K

nl
h

Kh
�h3
	

��� k
�
� �h0 � k�� � L��� (35)

�00 � x�
r2�

�h00 � 2���
0 � �� K

nl1
�

K�
�3 � K

nl2
�

K�
�5

� � e
b

k

�r2�
� �h0 � k�� �M��� (36)

As stated, we assume quasi-static aerodynamics with a lift curve
slope of 2�.

Here, we will consider that the airfoil is subjected to turbulence
in the vertical direction, which we will treat as an external random
forcing, that is, an additive white noise (delta correlated) process
W��� that corresponds toL��� andM��� in Eqs. (35) and (36). Future
work will consider colored noise approximations for the turbulence.
The corresponding Itô-type stochastic differential equations are

d �h� yd� (37)

dy��
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Fig. 13 Subcritical/saddle-node bifurcation example; coefficient of
kurtosis of x vs 2Dm=�0 for an additive noise level D� 0:10 and

�0 ��0:300.
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kurtosis of x vs 2Dm=�0 for an additive noise level D� 0:10 and
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Fig. 16 Subcritical/saddle-node bifurcation example; standard devia-

tion of x vs 2Dm=�0 for an additive noise levelD� 0:10 and�0 � 0:100.
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d�� zd� (39)
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The Fokker–Planck equation, which is to be solved using DQMOM,
is given by
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The following values for the parameters are used in generating the
results to follow: !h

!�
� 0:8, b� 1:0, �� � �h � 0:05, x� � 0:0,

�� 10:0, e� 0:1, r2� � 0:25,
Knl
h

Kh
� 0:1, K

nl1
�

K�
��0:1, and Knl2�

K�
� 0:1.

Also, the ratio �M
�L
was fixed to be 0.1. For these parameter values, the

deterministic system has a subcritical Hopf bifurcation at k� 1:475
and a saddle-node bifurcation at k
 1:460. Figure 18 shows the

standard deviation of � and �h versus �2L for a value of k below the
saddle-node value, k� 1:30. The stationary values shown for the
DQMOM solution are computed by solving the stationary form of
the DQMOM discretization of Eq. (41). Twelve quadrature points
are used, giving a total of 60 unknown weight and abscissa values.
These unknowns are found by solving the set of 60 nonlinear
algebraic equations using amodifiedPowell hybridmethod [30]. The
Monte Carlo results shown in Fig. 18 use 100,000 realizations with a
time step of 0.00025 for the Euler–Mayurama numerical integration
of Eq. (40). Converged statistics for theMonte Carlo simulation took
approximately 20 h using anmessage passing interface based parallel
solution with 10 dual-core Pentium 4 Xeon EM64T 3.2 GHz
processors. The stationary DQMOM solution, if provided with a
reasonable initial guess for the nonlinear solver, took only seconds.

Future investigation of this problem will include computing the
statistics for values of k, which fall in the hysteresis region
(1:460 � k < 1:475) and above the subcritical bifurcation point
(linear flutter point) of k� 1:475, and studying the effects of
multiplicative noise in the problem parameters.

IV. Conclusions

A new method, the DQMOM, is presented for the numerical
solution of the Fokker–Planck equations. In DQMOM, the
probability density function is written as a summation of products of
Dirac delta functions. The location of the quadrature abscissas in
probability space (arguments of the delta function) become part of
the solution and are obtained (along with the quadrature weights) as
solutions of their evolution equations. These evolution equations are
obtained using the Fokker–Planck equation using constraints on
the generalized moments of the stochastic processes. The use of the
Dirac delta function results in a much simpler (over traditional
weighted-residual methods) treatment of nonlinear drift and dif-
fusion terms.

In this paper, the method has been used to compute moments for
one-, two-, and four-dimensional processes that possess nonlinear
stochastic differential equations. In the one-dimensional problem,
the stationary moments (second, fourth, and sixth) computed using
DQMOM compare well with the analytical solutions. The
distribution for this problem is bimodal. The two-dimensional
problems were the noisy van der Pol oscillator and a problem which
contains, for the deterministic system, both a saddle-node
bifurcation and subcritical Hopf bifurcation. For both these
examples, stationary second- and fourth-order moments computed
using DQMOM compared well with those computed using a
Monte Carlo solution of the respective stochastic differential
equations. Trends in the normalized moments with respect to
additive noise level and the bifurcation parameter are reported for
the stochastic saddle-node/subcritical problem for what appears to
be the first time. These results could be useful in analyzing similar
behavior for aeroelastic systems that contain such stability
properties.

Statistics are computed for a typical section airfoil in subsonicflow
with nonlinear pitch and plunge stiffness (four-dimensional
stochastic process). The airfoil is subjected to delta correlated
random forcing that approximates turbulence in the transverse
component of flow velocity. The stationary standard deviation
results computed with the DQMOM approach for a reduced
frequency value below the deterministic saddle point compare well,
for both the pitch and plunge degrees of freedom, with those
computed using a numerical integration of the stochastic differential
equations. Future investigation of this problem will include reduced
frequency values within the hysteresis region and above the
subcritical bifurcation (flutter) point. Also, the effect of using colored
noise approximations for the turbulence will be studied for this
particular problem, which contains both a saddle-node and
subcritical bifurcation.

Finally it should be stated that, like most new numerical methods,
DQMOM has some unresolved issues that require further study. For
example, for particular problems and certain sets of constrained
moments, the system of implicit, nonlinear differential equations
generated with the method can become singular during the time
evolution of the equations. A systematicmeans for choosingmoment
constraints that do not produce this undesirable effect is currently
being sought by the authors.

Appendix: Example of Matrix Equations Resulting from
the DQMOM Solution of the Fokker-Planck Equation

Here, the system given in Eq. (17) will be written out for the one-
dimensional, nonlinear stochastic process given in Sec. III.A. In this
example, four quadrature points will be used with all moments up to
and including the seventh moment constrained. For this choice of
parameters, the terms in Eq. (17) are as follows:
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where, for the problem in the one-dimensional nonlinear process

example, D�1�1 � x � x3 and D
�2�
11 � �2

2
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